Language Robot Controller Supplemental

1 Passivity Criteria

A passive system is a system that constrained in such a way that it does not inject
excessive energy or instability into the interaction [?]. More formally a system is
passive with respect to an input output pair (u(t),y(t)) if and only if there exists a
positive definite storage function V' over the system such that:

t
V) - V(0) < / w®)T - y(t)dt V> 0 0
0
Theorem 1: Consider the system following a trajectory T" with dynamics governed
by:
MOi)ref(t) == P? (Fexl + Fvirtual) - (ptDO - %MO)Uref (2)
where Fvir[ual = K(:Ld - .’E) + HFpropeH”ba (3)
FEUide Fpropel]
T(d) —x
andb = lim (@) = Ta 4)

d'Sdt | T(d) — x|’

If Fropen 1s a positive definite function Mo, Dy and K are positive definite matri-
ces, K is orthogonal, and

3 Pmin > 0 such that ppi, < pe(t) VE >0

then for any linear trajectory 7', the system is passive with respect to the the force-
velocity (Fex, Uref) input output pair.

Proof: Differentiating (1), one sees it is sufficient to show that there exists positive
semi-definite storage function such that:

V <u®)T -yt) vt>0 )

We dedicate the rest of the section to constructing such a function. We first proceed
with some notation. Following the paper, 7', denotes the oriented line drawn out by our
trajectory in state space and b denote the unit vector parallel to 7'. Since the path is
linear there exists a fixed vector N parallel to the trajectory such that b lies parallel to
N for all points on the path.



For any vector =z, let )| denote the component parallel to N and let z | denote the
component perpendicular to N. Since x| is the projection of x onto the span of N, it
is the closest point on T'. Therefore :

T—Tqg=T— T =TL (6)

Substituting (3) into (2) yields:
Myes = pi* Ko(za — @) — (peDo — Mo )vref Pt* Fyropen(za)b + pi Fext - (7)
Substituting (6) into (7) yields:
Myer = —pi* Kozt — (peDo — Mo )Uret + pt? Fyropent (Ta)b + pi Fegt (8)

We define our storage function V' as follows :
V (2, Veer, p) = % I'T_K()fﬁj_ + (b(x\l) + %p_2vrefTM()'Uref ©

where ¢(x)|) is the line integral of the propelling force along the trajectory to the origin,
defined as ¢(x)) fx ! Foropett ()b - dT. !

We claim V is positive semi definite and satisfies (5). We first show our function is
positive definite. Since K is positive definite:

Vo, #0, a2l Koz, >0 (10)
;=0 = 2T Koz, =0 (11)

Since M| is positive definite and p; > pmin > 0:

Vot # 0, Py 20 Movrer > 0 (12)
Vet = 0 = p; 20 e Mover = 0 (13)

Since Fpropen(z4)b lies parallel to the trajectory, the line integral along the trajec-
tory is positive, and thus

V:L’H #0, Qf)(xll) >0 (14)
T = 0 = qf)(l‘H) =0 (15)

Thus each term is non negative and V' = 0 if and only if vef = O and x = z; +
x| = 0. Therefore V' is positive definite.
We now show V' satisfies (5). Taking the time derivative of V' yields: 2

V = Uref{KOIL - Fpmpell (xH)bvrefﬁ1 - ptpt_gvrjc;fMOUref + pt_erefTMOfOref (16)

Substituting (8) for MoUres:

1dT is the tangent vector to the trajectory vector T
Note ¢(x|)) fIH Foopen(@)b dT = f Firopell ()b dT. By the chain rule ¢(x|) =
i( OZH 7Fpr0pell( )b dT)CE 7Fpl‘0p€ll(x)bvref

7| =



7 T T s =3, T
V= 'UrefLKOxJ_ - Fpropell(xH)bUrefH — DtPy UrefMO'Uref

-2, T 2 pt 2 2
+D; 'Uref(_pt Koz, — (ptDO - MO;)vref + Dt Fpropell(xd)b + Pt Fext) a7
t
e -2 T,
Distributing the p, “v;:
. . 3 —1
V= vref?_KO-TL - F‘propellbvref,ﬁ1 — DPtPy UrszOrUref - UngOIL — D vifDOUref
- =3, T T T
+ptpy UrefMOUref + Ureprropellb + vrefFext (18)
Rearranging terms :
. . 3 . 3
V= vref{KOxL - vrjf;fKOxL +ptpt vrjngOUref — PtPy UrefTMovref+
T T -1, T T
*Fpropellbvref“ + Ureprmpellb — P UrefDOUref + UrefFext (19)
Cancelling terms and rewriting Vet = Uref|| + Vref L :
V= 'Uref?_KOxL - (UrefH + 'UrefL)TKOxL - Fpropellbvref,ﬁj"r

(UrefH + UrefL)TFpropellb - p;lvgt‘DOUref + Ungext (20)

Since K an orthogonal matrix then Uref|| - T1L = 0 implies vref‘T‘KO:r 1 = 0. Since
b is parallel to N, then N - v; = implies b - ver; = 0. Therefore we may expand
and simplify to yield:

’ T T T T -1, T T
V= Uref | Koz —Uref | Koz _Fpropellbvrefu +Fpr0pellb'UrefH — D¢ vrefD(]Uref+vrefFext

(21)
Cancelling terms:
V = —p; 05 Dovier + v Fext (22)
Since D is positive definite and p > pyin > 0':
—p ™ Ve Dovrer < 0 (23)
Therefore '
V= 7p71vrj‘;fDOvref + Urjngext < Uz;fFext- (24)

Thus for any linear trajectory our system is passive with respect to the force-
velocity, (Fexi, vl;), input output pair. Furthermore, reasonably well-behaved trajec-
tories can be effectively approximated as a series of linear trajectories, and as more
lines are added, the approximation becomes arbitrarily faithful. This robust heuristic
suggests stability even for more complex nonlinear paths, demonstrating the practical-
ity and reliability of our language controller.
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